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Abstrat. It is proved that the point  = 0 in dierene of other points of ontinious spetrum is
point of branhement of logarithmi type of the resolvent of transport operator.
Introdution
We onsider partial ase of so-alled "equation of transmission". There is muh lit-
erature onerning (during many years) dierent problems in this diretion. One of suh
problems, namely the problem of neutron transport, leads to the operator
Lf(x; ) =  i
f
x
(x; ) + (x)
1
Z
 1
f(x; 
0
)d
0
(1)
in the spae L
2
(D), where D = R [ 1; 1℄. In [1℄ in the ase
(x) =

; jxj < a
0; jxj > a;  = onst
it was obtained that ontinuous spetrum of the operator L oinides with
real axis R and that the set of eingen-values is nite. In [2℄ in the
ase  2 L
1
(R); supp   [ a; a℄; (x)  0 well-known funtional model is applied.
1. Statement of the problem
Among other publiations we mention only several of them, whih are the losest to
our problem. In [3℄ the authors use Friedrihs' model to study the operator L. In the
ase of exponentialy dereasing potential the suient ondition of niteness of point
spetrum was obtained. The methods of this work were used in [4℄ in more general ase
of the operator
Lf(x; ) =  i
f
x
(x; ) + a(x)
1
Z
 1
b(
0
)f(x; 
0
)d
0
: (2)
As it was proved in [4℄ the value  = 0 only an be the point of aumulation of point
spetrum of the operator L if the following onditions hold:
a) the funtion a(x) is loally integrable and satises the estimate
ja(x)j Me
 jxj
; x 2 R; (3)
where " > 0; M > 0 are some onstants;
b) the funtion b();  2 ( 1; 1) admits analyti prolongation b(z) into the irle
jzj < 1 + ".
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In that work it was proved that resolvent has analyti prolongation over the semi-
axis ( 1; 0) and (0;1): But in this work the point of spetrum  = 0 remains to be
unstudied.
Our aim is to prove that the point  = 0 is the point of branhment of the
resolvent.Apropos in a similar situation in the work [3℄ it was proved that the point  = 0
was spetral singularity of onsidered operator. Like [3-4℄ we use unitary equivalene of
the operator L to the operator of Friedrihs' model.
2. Preliminary
Here we give some notations and results from [4℄.
Let H be Hilbert spae of the funtions on two variables '(s; ); (s; ) 2 D with norm
jj'jj
2
H
=
Z
R
1
Z
 1
j'(s; )j
2
1
jj
dsd
and let G = L
2
(R). We denote by (; ); (; )
H
salar produt in the spaes G and H
respetively. We denote by S : H ! H the operator of multipliation by independent
variable (S')(; )  '(; );  2 R with maximal domain of denition. Using Fourier
transformation it was proved in [4℄ that the operator L : L
2
(D) ! L
2
(D) is unitary
equivalent to the operator T = S + A

B : H ! H (Friedrih's model) with bounded
operators A

: G! H; B : H ! G under the form
A

(s; ) =
1
2
Z
R
a
1
(y)(y)e
 iy
s

dy; (4)
and
B'(x) = a
2
(x)
Z
R
e
ix
0

1
Z
 1
b(
0
)'(
0
; 
0
)d
0
1
A
d: (5)
We use the traditional form of perturbation A

B, that's why we don't need the oper-
ator A : H ! G itself. The representations (4)-(5) ontain the fators a
1;2
(x) of arbitrary
fatorization suh that
a(x) = a
1
(x)a
2
(x); ja
1
(x)j = ja
2
(x)j :
The relation between the resolvents T

= (T   )
 1
and S

= (S  )
 1
of the operators T
and S is the following T

= S

  S

A

K()
 1
BS

, where K() = 1 +BS

A

.
3. Estimate of the operator K();  ! 0
It is shown in [3℄ that
((K()  1))(x) =
Z
R
k(x; y; )(y)dy; where k(x; y; ) =
1
2
a
2
(x)a
1
(y)I(x  y; ) (6)
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and
I(u; ) =
Z
R
l(; )e
iu
d; u = x  y; where l(; ) =
1
Z
 1
b(
0
)

0
  
d
0
; Im() 6= 0: (7)
Let Æ be arbitrary value suh that 0 < Æ < " ( see (3) ) and



(Æ) = f : jj < Æ; Im  > 0g. By ln we denote the branh of logarithmi funtion
whih is ontinuous in the domain  =2 [0;1) and suh that ln( 1) = i:
If b()  1 then we denote by I
0
(u; ) the expression I(u; ) (see[3℄)
I
0
(u; ) = () +R
0
(u; );  2 


(Æ); (8)
where
() =  i sign   ln;  = Im (9)
and the term R
0
(u; ) admits the estimate
jR
0
(u; )j M
"
1
juj
1
e
+ juj
#
; p > 1;  2 


(Æ); M = onst; (10)
whih is independent of . Underline that ()!1;  ! 0 and the deomposition like (8)
is not unique. Let us introdue the following notation
kbk
C
1
= sup
jzj<1+"
jb(z)j + sup
jzj<1+"
jb
0
(z)j and N
0
(Æ) = sup
2


(Æ)
0

1
Z
"
dt
jt  j
q
1
A
1
q
: (11)
Lemma 1. The funtion I(u; ), dened in the relations (6)-(7), an be represented in
the form
I(u; ) = b(0)() +R(u; ); (12)
where
jR(u; )j  N
1
(Æ)
"
1
juj
1
e
+ juj
#
; p > 1;  2 


(Æ); (13)
where N
1
(Æ) = CN
0
(Æ) kbk
C
1
and C denote some onstant, whih is independent of Æ; 
and also of the funtion b().
Proof. Let us denote b
1
(z)  b(z)   b(0). We substitute in (7) the deomposi-
tion b(z) = b
1
(z) + b(0), separating I
0
(u; ) (what orrespond to with b(z)  1) in the
right part of (7) and taking into aount the deomposition I
0
(u; ) itself (8), we obtain
for  2 


(Æ)
I(u; ) =
1
Z
0
1
t  
f
 !;1
(t juj)dt 
1
Z
0
1
t+ 
f
!;1
(t juj)dt+ b(0)() + b(0)R
0
(u; ); (14)
where
f
 !;1
() =
1
Z

1
y

b
1


y

e
i!y
+ b
1

 

y

e
 i!y

dy: (15)
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Integrating by parts, we get the estimate
jf
 !;1
()j 

2 kbk
C
1
;  2 (0; 1)
4 kbk
C
1
=;  2 (1;1):
(16)
It follows from here that the interval of integrations (0;1) in (14) an be hanged by
the interval (0; ") (the value of " see in (3)) and the dierene between the integrals will
have the estimate like (13). In the integral (15) we put  = t juj and make the hange of
variable
y
juj
= , then in view that u = sign u  juj = ! juj we have:
f
 !;1
(t juj) =
1
Z
t
1


b
1

t


e
iu
+ b
1

 
t


e
 iu

d: (17)
Aording to (14) we need the value t < ". It's easy to verify that in (17) the interval of
integrating (t;1) an be hanged by (t; ") and therefore we an onsider the integrals
g

(t; u) =
"
Z
0
1

 b
1


t


e
iu
d: (18)
In the right part of (14) it remains to onsider the sum I
+
(u; ) + I
 
(u; ), where
I

(u; ) =
"
Z
0
g

(t; u)
t  
dt 
"
Z
0
g

(t; u)
t+ 
dt: (19)

Theorem 1. Let Æ < ", then
K()  1 =
b(0)
2
()(; a
1
)a
2
+Q();  2 


(Æ); (20)
where the elements a
1
, a
2
are dened by the fatorization a(x) = a
1
(x)a
2
(x),
ja
1
(x)j = ja
2
(x)j and the operator Q() : L
2
(R) ! L
2
(R) is ompat with the norm
bounded uniformly with respet to , namely
kQ()k M kak
Æ
; kak
2
Æ

Z
R
ja(x)j
2
e
2Æjxj
dx;  2 


(Æ): (21)
Proof. Aording to (6) and (12), we have
k(x; y; ) =
b(0)
2
()a
2
(x)a
1
(y) +
1
2
a
2
(x)a
1
(y)R(x  y; );
what proves the deomposition (20). Further
kQ()k
2

1
4
2
Z
R
Z
R
ja
2
(x)j
2
ja
1
(y)j
2
jR(x  y; )j
2
dxdy:
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Due to the relations ja
2
(x)j
2
= ja(x)j, ja
1
(y)j
2
= ja(y)j, we obtain
kQ()k
2

1
4
2
Z
R
Z
R
ja(x)j ja(y)j e
Æjxj
e
Æjyj

e
 Æ(jxj+jyj)
jR(x  y; )j
2

dxdy 
M
2
0
0

Z
R
Z
R
ja(x)j
2
ja(y)j
2
e
2Æjxj
e
2Æjyj
dxdy
1
A
1
2
=
= M
2
0
0

0

Z
R
ja(x)j
2
e
2Æjxj
dx
1
A
2
1
A
1
2
= M
2
0
kak
2
Æ
; (22)
where due to the estimate (13) under the ondition p > 2 the value
M
2
0
=
0

Z
R
Z
R
e
 2Æ(jxj+jyj)
jR(x  y; )j
2
dxdy
1
A
1
2
is nite. Theorem is proved. 
We substitute (18) in (19), hange the order of integrating and we make the hange
of variable
t

=  , then in the ase of sign ½+\
I
+
(u; ) =
1
Z
0
b
1
()
0

"
Z
 "
e
iu
t  
d
1
A
d:
By integrating by parts, we have the deomposition
"
Z
 "
e
iu
   
d =
1

2
4
e
iu"
ln("   )  e
 iu"
ln( "   )  iu
"
Z
 "
e
iu
ln(   )d
3
5
; (22)
whih leads us to the estimate jI
+
(u; )j  C kbk
C
1
[juj+ 1℄ ;  2 


(Æ); C = onst:
The value I
 
(u; ) has analogi estimate. Really (let us onsider b
1
()  1),
the value
1
Z
0
ln("   )d is bounded for  2 


(Æ) if the integral
G() 
1
Z
0
[ln("   )  ln" ℄d =
1
Z
0
ln(1 

"
)d
is bounded too. If  = jj s, then
G() = jj
1
jj
Z
0
ln

1 

" jj

1
s

ds
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and using the inequality



ln

(1 

"jj

1
s
)





M
s
; s > 1; M = onst, we obtain
jG()j  C jj ln
1
jj
or jG()j  C;  2 


(Æ): Lemma is proved.
Now we onsider  = 0 as the point of the spetrum of the operator L (or the opera-
tor T).
Statement 1. The value  = 0 is not eigen-value of the operator L.
Proof. If (see(2))
 i
f
x
(x; ) + a(x)
1
Z
 1
b(
0
)f(x; 
0
)d
0
 0; f 2 L
2
(D):
then integrating from 0 to x gives
 i(f(x; ))  f(; )) = B(x);
where the funtion
B(x) =  
x
Z
0
a(t)
0

1
Z
 1
b(
0
)f(t; 
0
)d
0
1
A
dt
has not limit value lim
x!+1
B(x) = B
1
. Then if(0; ) = B
1
and
 if(x; ) +B
1
= B(x): But f(x; ) = (B(x)  B
1
)=( i) =2 L
2
(D);
what proves Statement. 
Statement 2. The value  = 0 is point of branhment of linear form of the resol-
vent (T

';  ), where ';  are smooth elements.
Proof. We onsider the funtions '();  (); whih admit analyti prolongation in the
band jImj < ": Aording to (20)
jK
+
()j =  jln j jj+O(1);  ! 0:
So, the funtion K
+
() is not bounded if  ! 0. By the same way  = 0 is not pole of
the funtion K
+
() what proves the statement. 
Conlusion
As a result in this work it was obtained: the point  = 0 in dierene of other points
of ontinious spetrum is point of branhement of logarithmi type of the resolvent of
transport operator. The operators whih are more general than (1) are interesting in
dierent appliations so the same problem will be atual for suh operators.
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